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Abstract
Quantum simulation provides a computationally feasible approach to model and study
many problems in chemistry, condensed-matter physics, or high-energy physics where
quantum phenomenon defines the systems behavior. In high-energy physics, quite a
few possible applications are investigated in the context of gauge theories and their
application to dynamic problems, topological problems, high-baryon density con-
figurations, or collective neutrino oscillations. In particular, schemes for simulating
neutrino oscillations are proposed using a quantum walk framework. In this study, we
approach the problem of simulating neutrino oscillation from the perspective of open
quantum systems by treating the position space of quantum walk as environment. We
have obtained the recurrence relation for Kraus operator which is used to represent the
dynamics of the neutrino flavor change in the form of reduced coin states.We establish
a connection between the dynamics of reduced coin state and neutrino phenomenol-
ogy, enabling one to fix the simulation parameters for a given neutrino experiment
and reduces the need for extended position space to simulate neutrino oscillations. We
have also studied the behavior of linear entropy as a measure of entanglement between
different flavors in the same framework.
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1 Introduction

Quantumsimulation [1] has becomea rapidly growingfield due to extraordinary devel-
opment reporting the demonstration of controlling the quantum states in experimental
setups [2–10]. Apart from the quantum advantages that comes from exploiting the
laws of quantummechanics [11, 12], it allows the study of the system from a quantum
information theory perspective [13–19]. There are two ways to approach problems
via quantum simulation: digital or analog quantum computers. A digital quantum
computer manipulates the quantum mechanical state using a series of discrete gate
operations and can possibly perform error correction on imperfect operations. On the
other hand, analog quantum computers are built to simulate the dynamics of a particu-
lar system or quantum algorithm. These have a significant advantage that they can be
scaled to large system sizes. There are multiple experimental platforms where analog
quantum simulations are realized, including neutral atoms, superconducting systems,
trapped ions, and photons [2–10].

Quantumwalk, the quantummechanical analog of the classical randomwalks [20–
23], is a widely successful framework for modeling controlled dynamics in quantum
systems [24–29] and for building quantum algorithms [23, 30–32]. There are two
broad categories of quantum walks—discrete-time quantum walk and continuous-
time quantum walk.

In a discrete-time quantum walk, a quantum particle or a qudit is allowed to move
in discrete steps on a lattice governed by unitary evolution operators. At each step, the
particle state undergoes a unitary transformation which can be expressed as a product
of two operators, namely the coin and the shift operators. The coin operator acts as a
rotation in the qubit space and the shift operator translates the particle to another vertex
on the lattice [20, 33]. In case of continuous-time quantum walk, the quantum particle
is described by a quantum state that evolves over time according a time-varying unitary
operator. As opposed to discrete-time quantum walk, the continuous-time quantum
walk evolution is continuous in time [34]. Experimental implementations of discrete-
time quantum walks have been realized with lattice-based quantum systems where
position space is mapped onto discrete lattice sites as well as circuit-based quantum
processors [35–45].

In past developments, variants of discrete-time quantum walk have been used to
simulate Dirac equation and its associated dynamics [46–49] which are also experi-
mentally implemented in both analog and digital quantum simulators [50, 51]. These
experimental implementation allows the laboratory realization and investigation of a
variety of key fundamental phenomena associated with Dirac particle dynamics like
Zitterbewegung, simultaneous position and spin oscillations [51–54]. Schemes for
quantum simulations of Dirac equation in curved space-time, discrete gauge theories,
free quantum field theory, collective neutrino oscillations have been also reported in
literature [48, 55–59].

Neutrino oscillations is an interesting phenomenon in which new physics is to be
expected from nonstandard effects. In this work, we deal with flavor oscillations in
neutrinos. Experiments and observations have established that the neutrino energy
(mass) state does not coincide with the weak interaction (flavor) state. These two
types of states are, in fact, related to one another by a unitary transformation. As a
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result, a neutrino produced in one flavor state can be detected in another flavor state
at a later time. Neutrino oscillations have given rise to vibrant phenomena involving
supernovae, reactor neutrinos, the early universe, or atmospheric neutrinos, and the
solution to the solar neutrino problem [60–66].

A framework to simulate neutrino oscillation with discrete-time quantum walks
has been proposed in previous literature [67, 68] and also studied from quantum
information perspective [69]. In this work, we approach the problem from the open
quantum system perspective by considering the walker’s evolution in the reduced coin
space, thereby effectively treating the position space as environment. We consider the
reduced dynamics of the coin state obtained by tracing over the position space degrees
of freedom of a quantum walker. The Kraus operators we have obtained exhibit a
temporal recurrence relation which allows one to calculate them at any given time
systematically. This was not possible in earlier framework proposed for simulating
neutrino oscillations. These Kraus operators are shown to describe the dynamics of
the Dirac particle. We extended this formalism to describe the dynamics of more than
oneDirac particle, thereby establishing a connection between the dynamics of reduced
coin state and neutrino phenomenology. We studied the behavior of linear entropy as a
measure of entanglement between different flavors in the same framework. The Kraus
operators form presented in this work can be used as a guiding framework to model
dynamics in other quantum systems where quantum walks and Dirac equations are
used for its simulating and modeling the dynamics.

This paper is organized as follows: In Sect. 2, we briefly discuss the basic theoretical
background of neutrino oscillations. In Sect. 3, we introduce discrete-time quantum
walk formalism and describe its relation to the Dirac equation. We considered the
reduced dynamics of the coin by tracing out the position space and derive the Kraus
operators.We also find a recurrence relation for theKraus operator in time. In Sect. 3.2,
we extended the formalism of quantum walks to describe the dynamics of more than
one Dirac particle. In Sect. 4, we consider the quantum circuit construction of mixing
matrix (2) and propose a formalism for simulating neutrino oscillation with Kraus
operators. In Sect. 5, we present the numerical results and study the behavior of linear
entropy as a measure of entanglement. We conclude in Sect. 6 with closing remarks.
Throughout this paper, we use natural units, defined by � = c = 1.

2 Neutrino Oscillations

In the theory of electroweak interaction developed by Glashow, Weinberg, and Salam,
lepton flavor is conserved, and neutrinos are massless. Therefore, a neutrino of a
given flavor created in charged current weak interactions will remain in the same
flavor state. However, various experimental observations have shown that the flavor of
neutrino changes as it propagates in space-time [70–72]. This disconnection between
the theoretical expectation and experimental observation is resolved by a scheme that
relies on mixing the three neutrino mass and flavor states. According to this, each of
the three neutrino flavor states is a mixture of the three mass eigenstate. As neutrinos
move in space-time, each mass eigenstate acquires a different phase. Hence, a definite
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flavor state evolves into a mixture of three flavors, leading to flavor oscillation called
neutrino oscillation [73–75].

Defining flavor eigenstates |να〉 (α = e, μ, τ) and mass eigenstates |νi 〉 (i =
1, 2, 3), then the flavor and mass eigenstates are related by a unitary transformation
written as

|να〉 =
∑

i

Uαi |νi 〉 (1)

where Uαi is mixing matrix known as the Pontecorvo–Maki–Nakagawa–Sakata
(PMNS) matrix [76] given by

U =
⎡

⎣
Ue1 Ue2 Ue3
Uμ1 Uμ2 Uμ3
Uτ1 Uτ2 Uτ3

⎤

⎦

=
⎡

⎣
1 0 0
0 c23 s23
0 −s23 c23

⎤

⎦

⎡

⎣
c13 0 s13e−iδ

0 1 0
−s13eiδ 0 c13

⎤

⎦

×
⎡

⎣
c12 s12 0

−s12 c12 0
0 0 1

⎤

⎦

⎡

⎣
eiα1/2 0 0
0 eiα2/2 0
0 0 1

⎤

⎦

≡ U3U2U1U0

(2)

where ci j ≡ cosφi j , and si j ≡ sin φi j with φi j being the mixing angle. The phase
factor α1, α2 are physically meaningful only if neutrinos are Majorana particles. The
state |νi 〉 is the mass eigenstate of the free Dirac Hamiltonian (in natural units)

Hi = �ξ · �pi + βmi (3)

where mi is the mass, �pi is momentum operator. The propagation of eigenstate |νi 〉
can be described by plane wave solutions of the form

|νi (t)〉 = e
−i

(
Ei t−�ki ·�x

)

|νi (0)〉 (4)

where �ki is the three-dimensional momentum, with Ei =
√

|�ki |2 + m2
i being the

positive energy of mass eigenstate.
Suppose that at time t = 0 a flavor neutrino |να〉 is produced, then at time t the

neutrino state given by

|να(t)〉 =
∑

i

Uαi |νi (t)〉 =
∑

i

Uαi e
−i Ei t |νi (0)〉. (5)
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Therefore, the probability of transition να → νβ after a time t is given by

P(να → νβ; t) =
∣∣∣∣∣∣

∑

j

U∗
α jUβ j e

−i E j t

∣∣∣∣∣∣
. (6)

To illustrate Eq. (6), let us consider the simpler case with only two neutrino state.
In this case, the mixing matrix U can be written as

U =
[
cosφ sin φ

− sin φ cosφ

]
(7)

where φ is the mixing angle. In ultra-relativistic limit, |�ki | � mi so that we can
approximate energy as

Ei =
√

|�ki |2 + m2
i � |�ki | + m2

i

2|�ki |
≈ E + m2

i

2E
(8)

where E ≈ |�ki | for all i . The transition probability from flavor states |να〉 to |νβ〉 in
ultra-relativistic limit then, given by

P(να → νβ; t) = sin2(2φ) sin2
(

	m2L

4E

)
(9)

with 	m2 = m2
2 − m2

1 and L ≈ t is the distance traveled by the neutrinos from the
production to the detection point.

In atmospheric neutrino oscillations, the electron plays almost no role; hence Eq. (9)
is appropriate for flavor transition [77]. It is also appropriate for the solar case of
νe ↔ νX where νX is the superposition of νμ and ντ . These approximations are
possible since the mixing angle θ13 is very small and because two of the three mass
eigenstates are very close in mass compared to the third [78].

3 Discrete-time quantumwalk

The discrete-time quantum walk on a line is defined on a Hilbert spaceH = Hc ⊗Hp

where Hc is coin Hilbert space and Hp is the position Hilbert space. For a walk in
one dimension, Hc is spanned by the basis set | ↑〉 and | ↓〉 representing the internal
degree of the walker, and Hp is spanned by the basis state of the position |x〉 where
x ∈ Z on which the walker evolves. At any time t , the state can be represented by

|�(t)〉 = | ↑〉 ⊗ |�↑(t)〉 + | ↓〉 ⊗ |�↓(t)〉 (10)

=
∑

x

[
ψ

↑
x,t

ψ
↓
x,t

]
. (11)
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Each step of the discrete-time quantum walk is defined by a unitary quantum coin
operationC on the internal degrees of freedom of the walker followed by a conditional
position shift operation S which acts on the configuration of the walker and position
space. Therefore, the state at time (t + τ) where τ is the time required to implement
one step of the walk will be

|�(t + τ)〉 = S(C ⊗ I )|�(t)〉 = W |�(t)〉. (12)

The general form of coin operator C , given by

C = C(ξ, θ, ϕ, δ) = eiξ e−iθσx e−iϕσy e−iδσz

= eiξ
(
e−iδ(cθcϕ − isθ sϕ) −eiδ(cθ sϕ + isθcϕ)

e−iδ(cθ sϕ − isθcϕ) eiδ(cθcϕ + isθ sϕ)

)

= eiξ
(

Fθ,ϕ,δ Gθ,ϕ,δ

−G∗
θ,ϕ,δ F∗

θ,ϕ,δ

)
(13)

where c = cos, s = sin, ξ is global phase angle, 2θ, 2ϕ, 2δ are the angles of rotations
along x, y and z axes, respectively, with θ, ϕ, δ ∈ [0, 2π ], and σi is the i th component
of the Pauli spin matrices {σx , σy, σz}, which are generators of SU(2) group. The
position shift operator S on the lattice with spacing a is of the form

S = | ↓〉〈↓ | ⊗ T+ + | ↑〉〈↑ | ⊗ T− =
[
T+ 0
0 T−

]
(14)

where

T± =
∑

x∈Z
|x ± a〉〈x |

are translation operators. In momentum basis, these take a diagonal form

T± = e∓i pa =
∑

k

e∓ika |k〉〈k|

with |k〉 being momentum eigenstate, given by

|k〉 = 1√
2N + 1

N∑

x=−N

e−ikx |x〉 (15)

where k is eigenvalue which can take values 2πn/(2N + 1), n ∈ Z. In ref. [46], it is
shown that for the coin operator

B ≡ C(0, θ, 0, 3π/2)

= cos θ | ↑〉〈↑ | + sin θ (| ↑〉〈↓ | − | ↓〉〈↑ |)
+ cos θ | ↓〉〈↓ |

(16)
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the effective Hamiltonian defined as W = e−i Hτ takes the form of a one spatial
dimensional Dirac Hamiltonian for small k and θ with parameter correspondence
given by

a

τ
= 1 &

θ

τ
= m. (17)

The eigenvector of H corresponding to the positive eigenvalue

E = 1

τ
arccos(cos θ cos k̃) (18)

where k̃ = ka and the corresponding eigenstates are given by

|ν〉 = [
f (θ, k) g(θ, k)

]T ⊗ |k〉 (19)

where

f (θ, k) = sin θe−ik

√
sin2 θ +

[
cos θ sin k − (

1 − cos2 θ cos2 k
)1/2]2

g(θ, k) =
i
(
cos θ sin k − (

1 − cos2 θ cos2 k
)1/2)

√
sin2 θ +

[
cos θ sin k − (

1 − cos2 θ cos2 k
)1/2]2

.

(20)

3.1 Reduced dynamics of a coin

In this section, we will consider the reduced dynamics of a coin in a DTQW, which
previously has been studied in the context of non-markovian characteristics of the
dynamics [79]. However, in contrast to previous work, we will derive a temporal
recurrence relation for Kraus operator which allows one to find these at any time for
a generic initial quantum state.

Consider the initial state of the walker to be

|�(0)〉 = |χ〉 ⊗ |ψx 〉. (21)

consisting of an internal spin state

|χ〉 ∈ Hc = {a↑| ↑〉 + a↓| ↓〉 : a↑/↓ ∈ C} (22)

and a position state

|ψx 〉 ∈ Hp =
{

∑

x∈Z
cx |x〉 :

∑

x∈Z
|cx |2 < ∞

}
. (23)
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After t steps, this becomes

|�(t)〉 = Wt |�(0)〉 = Wt (|χ〉 ⊗ |ψx 〉) . (24)

The density matrix representation of the above state is given by

ρ(t) = |�(t)〉〈�(t)| (25)

= Wt |�(0)〉〈�(0)|(W †)t . (26)

Now, we can trace over the position space to get

ρc(t) =
t∑

x=−t

〈x |Wt |�(0)〉〈�(0)|(W †)t |x〉

=
t∑

x=−t

〈x |Wt |ψx 〉|χ〉〈χ |〈ψx |(W †)t |x〉

=
t∑

x=−t

K̃x (t)ρc(0)K̃
†
x (t) (27)

where

K̃x (t) ≡ 〈x |Wt |ψx 〉. (28)

For simplicity, let’s take the initial state to be |ψx 〉 = |0〉 so that

Kx (t) = 〈x |Wt |0〉. (29)

To make further progress, we break down the evolution operator W in shift and coin
operator as

W = S(C ⊗ I )

= [| ↑〉〈↑ | ⊗ T− + | ↓〉〈↓ | ⊗ T+
]
[C ⊗ 1]

= | ↑〉〈↑ |C ⊗ T− + | ↓〉〈↓ |C ⊗ T+
= C↑ ⊗ T− + C↓ ⊗ T+.

where

C↑ ≡ | ↑〉〈↑ |C = eiξ
(
Fθ,ϕ,δ Gθ,ϕ,δ

0 0

)

C↓ ≡ | ↓〉〈↓ |C = eiξ
(

0 0
−G∗

θ,ϕ,δ F∗
θ,ϕ,δ

)
.

(30)
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With this, consider Kraus operator at t + 1

Kx (t + 1) = 〈x |Wt+1|0〉 = 〈x |WWt |0〉
=

∑

x ′
〈x |W |x ′〉〈x ′|Wt |0〉

=
∑

x ′
〈x |W |x ′〉Kx ′(t). (31)

Now consider the first term in the expression

〈x |W |x ′〉 = C↑〈x |T−|x ′〉 + C↓〈x |T+|x ′〉
= C↑〈x |x ′ − a〉 + C↓〈x |x ′ + 1〉
= C↑δx,x ′−a + C↓δx,x ′+a

putting this into Eq. (31), we get

Kx (t + 1) =
∑

x ′

[
C↑δx,x ′−a + C↓δx,x ′+a

]
Kx ′(t)

= C↑Kx+a(t) + C↓Kx−a(t).

Therefore, we get a recurrence relation for the Kraus operator given by

Kx (t + 1) = C↑Kx+a(t) + C↓Kx−a(t). (32)

The initial Kraus operator at t = 0 given by, using the definition given in Eq. (29)

Kx (0) = 〈x |0〉 = δx,0.

If we start with initial position state to be |x ′〉, then Kraus operators Kxx ′(t) are related
to Kx (t) by

Kxx ′(t) ≡ 〈x |Wt |x ′〉 = Kx−x ′(t) (33)

and therefore for a generic extended initial position state |ψx 〉 = ∑
x ′ cx ′ |x ′〉, we have

K̃x (t) =
∑

x ′
cx ′Kxx ′(t) =

∑

x ′
cx ′Kx−x ′(t). (34)

Hence, for general position state |ψx 〉, the Kraus operators are simply a linear
combination of Kraus operators for initial state |0〉.

To illustrate Eq. (32), we derive the expression for theKraus operator corresponding
to coin operator in Eq. (16) for initial position state |0〉. The operators C↑/↓ for the
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coin operator (16) have the form

B↑ ≡ | ↑〉〈↑ |B =
(
cos θ sin θ

0 0

)

B↓ ≡ | ↓〉〈↓ |B =
(

0 0
− sin θ cos θ

)
.

(35)

For a one-step walk, t = 1

Kx (1) = B↑Kx+a(0) + B↓Kx−a(0)

= B↑δx+a,0 + B↓δx−a,0.
(36)

Hence, for a one-step walk, we have two Kraus operators given by

K−a(1) = B↑ =
(
cos θ sin θ

0 0

)

Ka(1) = B↓ =
(

0 0
− sin θ cos θ

)
.

(37)

For a two-step walk, t = 2

Kx (2) = B↑Kx+a(1) + B↓Kx−a(1)

= B↑
(
B↑Kx+2a(0) + B↓Kx (0)

)

+ B↓
(
B↑Kx (0) + B↓Kx−2a(0)

)

= B↑
(
B↑δx+2a,0 + B↓δx,0

)

+ B↓
(
B↑δx,0 + B↓δx−2a,0

)

= B↑B↑δx+2a,0 + (B↑B↓ + B↓B↑)δx,0

+ B↓B↓δx−2a,0

(38)

Therefore, for a two-step walk, we have three Kraus operators, given by

K−2a(2) = B↑B↑ =
(
cos2(θ) sin(θ) cos(θ)

0 0

)

K0(2) = B↑B↓ + B↓B↑ =
( − sin2(θ) sin(θ) cos(θ)

− sin(θ) cos(θ) sin2(θ)

)

K2a(2) = B↓B↓ =
(

0 0
− sin(θ) cos(θ) cos2(θ)

)
.

(39)

In the similar manner, we can find the Kraus operator for a t-steps walk using the
recurrence relation (32).
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3.2 Passage tomore than one particle

We have seen that for the coin operator in Eq. (16), the discrete-time quantum walk
mimicsDirac equation, therefore describes the dynamics ofDirac particle,with param-
eter correspondence as in Eq. (17). We can extend this coin operator to reproduce a set
of Dirac equations, hence describing the dynamics of more than one Dirac particle.
To this end, consider a discrete-time quantum walk with 2n-dimensional coin Hilbert
space Hc spanned by basis

⊕
f =1,n{| f ,↑〉, | f ,↓〉} and coin operator

Bn =
⊕

f =1,n

B f (θ f ) (40)

where

B f = cos θ f | f ,↑〉〈 f ,↑ | + sin θ f (| f ,↑〉〈 f ,↓ | − | f ,↓〉〈 f ,↑ |)
+ cos θ f | f ,↓〉〈 f ,↓ |. (41)

In this basis, the evolution operator takes the block diagonal form given by

W = S(Bn ⊗ I ) =
⊕

f =1,n

W f =
⊕

f =1,n

S f (B f ⊗ I ) (42)

with

S f = T+ ⊗ | f ,↑〉〈 f ,↑ | + T− ⊗ | f ,↓〉〈 f ,↓ |. (43)

Analogous to coin operator Eq. (16), coin operator in Eq. (40) reproduces a set of n
Dirac equations with parameter correspondence

a

τ
= 1 &

θ f

τ
= m f , f = 1, . . . , n (44)

with f being the particle number with internal degree of freedom {| f ,↑〉, | f ,↓〉} and
mass m f . The Kraus operator formalism that we developed in Sect. 3.1 can easily be
extended for coin operator in Eq. (40) as follows

K̃(n)
x (t) =

⊕

f =1,n

〈x |W f |ψx 〉 =
⊕

f =1,n

K̃x (θ f , t). (45)

where extended Kraus operator K̃x (θ f , t) follows from Eq. (34)

K̃x (θ f , t) =
∑

x ′
cx ′Kx−x ′(θ f , t) (46)
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with Kx−x ′(θ f , t) = 〈x |Wt
f |x ′〉. With the formalism for simulating dynamics of n

dirac particle at hand, in the next section, we will see how to simulate neutrino oscil-
lations.

4 Simulating neutrino oscillations using reduced quantumwalk
dynamics on coin space

In this section, we will consider the simulation of neutrino oscillation. We begin with
considering the quantum circuit construction associated with mixing matrix (2) and
then move on to simulation two-flavor neutrino oscillations and later generalize to the
three flavor cases.

4.1 Quantum circuit construction of PMNSMatrix

Firstly, we map the neutrino flavor states |να〉 into a three-qubit system [69] so that
the correspondence between the two systems looks like:

|νe〉 → |100〉 |νμ〉 → |010〉 |ντ 〉 → |001〉. (47)

With this, we can also write the mass-eigenstates using the mixing matrix as

|νi 〉 = U∗
ei |100〉 +U∗

μi |010〉 +U∗
τ i |001〉. (48)

Consider now the representation of the mixing matrix on this basis. In the three-
qubit system, the mixing matrix would be a 8 × 8 matrix. To see the explicit form of
these, consider the term U1 in mixing matrix (2)

U1 =
⎡

⎣
c12 s12 0

−s12 c12 0
0 0 1

⎤

⎦ =
|100〉 |010〉 |001〉

|100〉 c12 s12 0
|010〉 −s12 c12 0
|001〉 0 0 1

(49)

which has a three-qubit representation

U1 →

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 c12 0 −s12 0 0 0
0 0 0 1 0 0 0 0
0 0 s12 0 c12 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (50)
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so that there’s a mixing between the terms |100〉 and |010〉while the other remains the
same. In the similar manner, we can write a three-qubit representation for other terms
Ui (i = 0, 1, 2, 3) as follows:

U0 →

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0
0 0 eiα2/2 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 eiα1/2 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(51)

U2 →

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 0 0 0 0 0
0 c13 0 0 −s13eiδ 0 0 0
0 0 1 0 0 0 0 0
0 0 0 1 0 0 0 0
0 s13e−iδ 0 0 c13 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

(52)

U3 →

⎡

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 0 0 0 0 0
0 c23 −s23 0 0 0 0 0
0 s23 c23 0 0 0 0 0
0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0
0 0 0 0 0 1 0 0
0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 1

⎤

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (53)

The unitary operations Ui can be thought of as controlled unitary operators. To
illustrate this, consider on our earlier example of U3, which is a controlled operation
on the third qubit (counting from left in |i jk〉). To see this, we can rewrite the unitary
U3 as:

000 001 010 011 100 101 110 111
000 1 0 0 0 0 0 0 0
001 0 1 0 0 0 0 0 0
010 0 0 c12 0 −s12 0 0 0
011 0 0 0 1 0 0 0 0
100 0 0 s12 0 c12 0 0 0
101 0 0 0 0 0 1 0 0
110 0 0 0 0 0 0 1 0
111 0 0 0 0 0 0 0 1
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Or more explicitly, if we define a unitary matrix

U3 =

⎡

⎢⎢⎣

1 0 0 0
0 c12 −s12 0
0 s12 c12 0
0 0 0 1

⎤

⎥⎥⎦ (54)

Then controlled operation look like:

|i j1〉 → |i j1〉
|i j0〉 → U3|i j〉 ⊗ |0〉 (55)

The similar construction can be done for U0,U2,U3.

4.2 Two-flavor neutrino oscillations

In case of two-flavor neutrino oscillations, we need to mimic the dynamics of two
Dirac particles and therefore the coin hilbert space is four-dimensional space spanned
by

⊕
f=1,2{| f ,↑〉, | f ,↓〉}. The evolution operatorW has a block diagonal form given

by

W =
⊕

f=1,2

W f = S(B2 ⊗ I ) =
⊕

f=1,2

S f (B f ⊗ I ) (56)

where the quantum coin operator and shift operator are as in Eqs. (41) and (43). The
mass eigenstates are given by

|ν1〉 = [
f (θ1, k) g(θ1, k) 0 0

]T ⊗ |k〉 ≡ |ν1〉c ⊗ |k〉
|ν2〉 = [

0 0 f (θ2, k) g(θ2, k)
]T ⊗ |k〉 ≡ |ν2〉c ⊗ |k〉

. (57)

The initial state |�(0)〉 of the neutrino corresponding to α flavor using the mixing
matrix acting on each sector

|�(0)〉 = |να〉 =
∑

i=1,2

Uαi |νi 〉. (58)

The associated reduced coin density matrix is given by

ρc(0) =
∑

i, j

UαiU
∗
α j |νi 〉c〈ν j |c. (59)

The Kraus operator for two particles is given by

K̃x (t) =
⊕

f=1,2

〈x |W f |ψx 〉 =
⊕

f =1,2

K̃x (θ f , t)
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where state |ψx 〉 is momentum eigenstate k in position space representation (15). At
any time t , the reduced density matrix is written as

ρc(t) =
∑

x

K̃(2)
x (t)ρc(0)(K̃(2)

x )†(t). (60)

The probability of the να → νβ transition after a time t is then given by expectation
value of the projection operator |νβ〉c〈νβ |c, i.e.,

P(να → νβ; t) = Tr
[|νβ〉c〈νβ |cρc(t)

]
(61)

where

|νβ〉c =
∑

i=1,2

Uβi |νi 〉c (62)

so that

|νβ〉c〈νβ |c =
∑

i, j=1,2

UβiU
∗
β j |νi 〉c〈ν j |c. (63)

4.3 Three-flavor neutrino oscillations

We can trivially extend the two-flavor neutrino oscillations to three-flavor neutrino
oscillation by considering the coin operator, Eq. (40) with n = 3. Themass eigenstates
associated with three particles are given by

|ν1〉 = [
f (θ1, k) g(θ1, k) 0 0 0 0

]T ⊗ |k〉 ≡ |ν1〉c ⊗ |k〉
|ν2〉 = [

0 0 f (θ2, k) g(θ2, k) 0 0
]T ⊗ |k〉 ≡ |ν2〉c ⊗ |k〉

|ν2〉 = [
0 0 0 0 f (θ3, k) g(θ3, k)

]T ⊗ |k〉 ≡ |ν3〉c ⊗ |k〉
. (64)

The initial state |�(0)〉 of the neutrino corresponding to α flavor using the mixing
matrix acting on each sector

|�(0)〉 = |να〉 =
∑

i=1,2,3

Uαi |νi 〉. (65)

The associated reduced coin density matrix is given by

ρc(0) =
∑

i, j=1,2,3

UαiU
∗
α j |νi 〉c〈ν j |c. (66)
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The Kraus operator for three particle is given by

K̃x (t) =
⊕

f =1,2,3

〈x |W f |ψx 〉 =
⊕

f =1,2,3

K̃x (θ f , t)

where state |ψx 〉 is momentum eigenstate k in position space representation (15). At
any time t , the reduced density matrix is written as

ρc(t) =
∑

x

K̃(3)
x (t)ρc(0)(K̃(3)

x )†(t). (67)

The probability of the να → νβ transition after a time t is then given by expectation
value of the projection operator |νβ〉c〈νβ |c, i.e.,

P(να → νβ; t) = Tr
[|νβ〉c〈νβ |cρc(t)

]
(68)

where

|νβ〉c =
∑

i=1,2,3

Uβi |νi 〉c (69)

so that

|νβ〉c〈νβ |c =
∑

i, j=1,2,3

UβiU
∗
β j |νi 〉c〈ν j |c. (70)

5 Results

In Sect. 4, we have seen that evolution operator in Eq. (56) describes the set of Dirac
equations that describes neutrino flavor oscillations and, we can make use this to
establish a map with neutrino phenomenology, therefore allowing one to fix the QW
parameters for a given neutrino experiment.

More explicitly, using the correspondence made between quantum walk and Dirac
equation in Eq. (17), we can write the oscillation frequency in Eq. (9) in terms of
quantum parameters as

	m2
i j L

4E
= 	θ2i j

4k̃

t

τ
(71)

where	θ2i j = θ2i −θ2j and	m2
i j = m2

i −m2
j . Figure 1 shows the transition probability

as a function of the number of steps of DTQW for two-flavor and three-flavor neutrino
oscillations, respectively, obtained from evolution describe by the Kraus operators.
We can observe the oscillatory behavior of flavors. One can observe that the plot
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Fig. 1 Transition probabilities of three flavor neutrino oscillation obtained from numerical simulation using
the Kraus operator associated with the DTQW a for long time steps and b short time steps with initial state
|νe〉.. The coin angles are θ1 = 0.001 rad., θ2 = 0.01963 rad. θ3 = 0.12797 rad., and the mixing angle
φ13 = 0.16087 rad., φ23 = 0.69835, φ12 = 0.59437, and δ = 0 with k̃ = 0.1

reproduces the one corresponding to actual calculations of neutrino oscillations (see
for example [80]) with taken mass values

	m2
21 = 7.50 × 10−5 eV2

	m2
31 = 2.457 × 10−3 eV2

	m2
32 = 2.382 × 10−3 eV2

. (72)

Linear entropy: Among various measures of degree of entanglement [81], the linear
entropy is shown to be useful in studying entanglement in neutrino oscillations [82].
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Fig. 2 Linear entropy Sμ (full line) as a function of number of steps (shown for single cycle) along with
transition probabilities (dashed lines) P(νμ → νμ) (red) and P(νμ → ντ ) (blue) (Color figure online)

The linear entropy associated with a bipartite system is defined as

S j = d

d − 1

(
1 − Tr(ρ2

j )
)

, j = 1, 2. (73)

where ρ j represent the reduced density matrix of system j and d is dimension of
density matrix ρ j .

In case of two-flavor neutrino oscillations, we can write the state shown in Eq. (5)
as the Bell-like superposition

|να(t)〉 = Ũαμ(t)|1〉νμ |0〉ντ + Ũατ |0〉νμ |1〉ντ (74)

where

Ũαβ(t) =
∑

j

Uα jU
∗
β j e

−i E j t . (75)

The linear entropies can found by straightforward calculation using associated
density matrix of state |να(t)〉 and are given by

Sμ = Sτ = 4|Ũαe(t)|2|Ũαμ(t)|2. (76)

Therefore, the linear entropies can be written in term of transition probabilities
which continues to be true for three flavor case [82]. Figure 2 shows the linear entropy
Sμ obtained from transition probabilities given by Eq. (61) using Eq. (76). We find that
degree of entanglement is largest when both transition probabilities are equals to 0.5
which corresponds to maximally entangled Bell pair state and minimum when one of
the transition probability is zero which corresponds to unentangled state.

123



Open system approach to neutrino oscillations in a… Page 19 of 24 7

Fig. 3 Partial linear entropies S(α,β;γ )
e as a function of number of steps (shown for a single cycle) with

black corresponds to S(μ,τ ;e)
e , blue corresponds to S(τ,e;μ)

e , and red corresponds to S(e,μ;τ)
e (Color figure

online)

For three-flavor case, we can write three-flavor state as

|να(t)〉 = Ũαe|1〉νe |0〉νμ |0〉ντ + Ũαμ|0〉νe |1〉νμ |0〉ντ

+ Ũατ |0〉νe |0〉νμ |1〉ντ . (77)

In case of multipartite system, we can define partial linear entropies corresponding
to various bipartition of total system [82]. We adopt the notation S(α,β;γ )

ζ for linear

entropy of reduced density matrix ρ
(α,β)
ζ = Trγ (ρζ ) where ζ corresponds to initial

flavor state. Similar to two-flavor case, the partial linear entropies can be written in
terms of transition probabilities and given by

S(e,μ;τ)
α = 4|Ũατ (t)|2

(
1 − |Ũατ (t)|2

)
. (78)

The remaining twopartial entropies can be found by simply permuting e, μ, τ . Figure 3
shows the partial linear entropies for initial state |νe(0)〉. Themaximum of these partial
shows the point at which maximum entanglement exist between those two flavors. To
understand the behavior of overall degree of entanglement, we can define average
linear entropy as mean value of partial entropies, given by

〈Sα〉 = 8

3

(
|Ũαe|2|Ũαμ|2 + |Ũαe(t)|2|Ũατ |2 + |Ũαμ|2|Ũαeτ |2

)
. (79)

Figure 4 shows behavior of average linear entropy 〈Se〉, we observe similar behavior
as in case of two-flavor neutrino oscillations. This shows strong correlation between
the components νμ and ντ .

123



7 Page 20 of 24 H. Sahu, C. M. Chandrashekar

Fig. 4 Average linear entropy 〈Se〉 as a function of number of steps (shown for a single cycle)

6 Conclusion

In this work, we proposed a novel scheme to simulate neutrino oscillations using
DTQW formalism. We considered the evolution of reduced dynamics of coin density
matrix using set ofKraus operators obtained from tracing out the position space. This in
turnmeans effectively treating dynamics in position space as environmental effect.We
obtained the transition probabilities of neutrino flavor states in the same framework.
To study the degree of entanglement between different flavors, we considered linear
entropy which found to be maximum for bell-pair state.

We conclude with a few interesting future directions for this work. Firstly, given
the recent development in simulating open system dynamics in quantum devices [83,
84], the demonstration of a quantum algorithm of open system approach to neutrino
oscillation on a near-term quantum device would give laboratory verification of the
phenomenon. Furthermore, in previous studies, possible decoherence effects induced
by new physics (e.g., quantum gravity, string theory) in neutrino oscillations have been
studied by considering the open system framework [85], and bounds on dissipative
parameters are obtained for various neutrino experiments [86, 87]. Our scheme is open
to incorporating these dissipation effects, which may provide an exciting direction for
investigating nonstandard effects.
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